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Spin-structures on real Bott manifolds 


A. G§,sior* 


1 Introduction 

Let be a flat manifold of dimension n, i.e. a compact connected Rie- 
mannian manifold without boundary with zero sectional curvature. From 
the theorem of Bieberbach ([2], [16]) the fundamental group = F 

determines a short exact sequence: 




( 1 ) 


where Z" is a torsion free abelian group of rank n and G is a hnite group 
which is isomorphic to the holonomy group of M'^. The universal covering 
of M'^ is the Euclidean space and hence F is isomorphic to a discrete 
cocompact subgroup of the isometry group Isom(M’^) = 0(?7,) x M” = E{n). 
In that case p : T —)■ G is a projection on the hrst component of the semidirect 
product 0{n) x R” and 7ri(M„) = F is a subfroup of 0(n) x R”. Conversely, 
given a short exact sequence of the form ([T|), it is known that the group F 
is (isomorphic to) the fundamental group of a flat manifold if and only if F 
is torsion free. In this case F is called a Bieberbach group. We can dehne a 
holonomy representation 0 : G ^ GL(n, Z) by the formula: 


Ve e Z” G G, 0(^)(e) = ge{g) \ 


( 2 ) 


where p{g) = g. In this article we shall consider Bieberbach groups of rank n 
with holonomy group Z 2 , 1 < A: < n — 1, and ((>{'^ 2 ) C U C GL(n,Z). Here 
D is the group of matrices with ±1 on the diagonal. 


Let 



( 3 ) 
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be a sequence of real projective bundles such that Mj —)■ Mj_i, i = 1, 2,..., u, 
is a projective bundle of a Whitney sum of a real line bundle Lj_i and the 
trivial line bundle over Mj_i. The sequence ([3]) is called the real Bott tower 
and the top manifold Mn is called the real Bott manifold, |3]. 

Let 7 i be the canonical line bundle over Mj and we set Xi = tci( 7 i) (tci is 
the hrst Stiefel-Whitney class). Since iL^(Mj_i,Z 2 ) is additively generated 
by Xi,X 2 , and Lj_i is a line bundle over Mj_i, we can uniquely write 


2—1 

k=l 


( 4 ) 


where a^j G Z 2 and i = 2, 3, n. 

From above we obtain the matrix A = [ofej] which is a n x n strictly 
upper triangular matrix whose diagonal entries are 0 and remaining entries 
are either 0 or 1. One can observe (see m) that the tower (E]) is completly 
determined by the matrix A and therefore we may denote the real Bott 
manifold M„ by M{A). From [TTl Lemma 3.1] we can consider M{A) as the 
orbit space M{A) = M”'/F(y4), where F(y4) C E{n) is generated by elements 


1 0 

0 



0 1 

0 



0 ... 

0 

1 

0 

0 ... 

0 

0 


0 ... 

0 

0 

0 


0 

0 

0 

0 


/ 0 \\ 


0 

voy 


G E{n), 


( 5 ) 


where (—is in the (i + + 1) position and 4 is the i—th coordinate 

of the column, i = 1, 2,..., n — 1. = (/, (O, 0,..., 0, 4)) g E{n). From [TTl 

Lemma 3.2, 3.3] si, s ^,commute with each other and generate a free 
abelian subgroup TA. In other words M{A) is a flat manifold with holonomy 
group Z 2 of diagonal type. Here fc is a number of non zero rows of a matrix 
H. 

We have the following two lemmas. 


Lemma 1.1 ([H], Lemma 2.1). The cohomology ring H*{M{A),7 j 2) is gen¬ 
erated by degree one elements xi,... ,Xn as a graded ring with n relations 


n 

Xj Xj ^ ^ dijXi^ 
i=l 


for j = 


2 












Lemma 1.2 ([H], Lemma 2.2). The real Bott manifold M{A) is orientable 
if and only if the sum of entries is 0(mod2) for each row of the matrix A. 

There are a few ways to decide whether there exists a Spin-structure on 
an oriented flat manifold M"'. We start with 

Definition 1.1 ([5]). An oriented flat manifold M'^ has a Spin-structure if 
and only if there exists a homomorphism e: T —)■ Spin(n) such that A„e = p, 
where A„ : Spin(?7,) —)■ SO(?7,) is the covering map. 

There is an equivalent condition for existence of Spin-structure. This 
is well known (0) that the closed oriented differential manifold M has a 
Spin-structure if and only if the second Stiefel-Whitney class vanishes. 

The fc-th Stiefel-Whitney class m page 3, (2.1) ] is given by the formula 

Wk{M{A)) = {B{p)yak{yi,y2,...,yn) e H\M{A)-Z,), ( 6 ) 

where is the k-th elementary symmetric function, B{p) is a map induced 
by p on the classihcation space and 


yi:=Wi{Li_i) (7) 

for i = 2, 3,..., n. Hence, 

w2{m{A))= y^yJ ^ h\m{A);Z2). (s) 

l<i<j<n 

Definition 1.2. ([3], page 4) A binary square matrix A is a Bott matrix 
if A = PBP~^ for a permutation matrix P and a strictly upper triangular 
binary matrix B. 

Our paper is a sequel of [8]. There are given some conditions of the 
existence of Spin-structures. 

Theorem 1.1. ([8], page 1021) Let A be a matrix of an orientable real Bott 
manifold M{A). 

1. Let I ^ 'H he an odd number. If there exist 1 < i < j < n and rows 
A{^^j Aj^^ such that 


^j,rn I]" I 


and 


O'ij 0 


then M{A) has no Spin-structure. 
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2. If ttij = 1 and there exist 1 < i < j < n and rows 

(0? • • • 5 ^2,21 5 • • • 7 ^2,22fc 5 ^7 * * * 5 O) 5 

(^’ • • • ) 0) ®i,*2fc+i’ • • • ) ®i,*2fc+2n 0,. . ., 0) 

such that a^^i^ ... ^iyi 2 k ^2 0 ^ • • • ? ^ 2 / 2 } ? 

®Ji*2fc+l ■ ■ ■ ®i)*2fc+2i ^2 ^jx ^ ^ ^ {^2fc+l) • • • ) ^2fc+2z} k 

are odd then M{A) has no Spin-structure. 

In this paper we extend this theorem and we formulate necessary and suf- 
hcient conditions of the existence of a Spin-structure on real Bott manifolds. 
Here is our main result for Bott manifolds with holonomy group Z 2 , k even. 
Here is our main result 

Theorem 1.2. Let A be a Bott matrix with k non zero rows where k is 
an even number. Then the real Bott manifold manifold M{A) has a Spin- 
structure if and only if for all 1 < i < j < n manifolds M{Aij) have a 
Spin-structure, where Aij is a matrix with i— and j— th nonzero rows. 

The structure of a paper is as follows. In Section 2 we give three lemmas. 
First of them gives a decomposition of the n x n—integer matrix A into 
n X n—integer matrices Aij with i—th and j—th nonzero rows. In Lemmas 
2.2. and 2.3 we examine dependence of Pi and W 2 of a real Bott manifold 
M{A) on values and W 2 {M{Ajk)) of manifolds M{Ajif). Then the proof 
of Theorem 1.2 will follow from Lemmas 2.2. and 2.3. Section 3 has a very 
technical character. In this section we shall give a complete characterization 
of the existence of the Spin-structure on manifolds M{Aij), 1 < i < j < n. 
Almost all statements in part 2 and 3 are illustrated by examples. 

The author is grateful to Andrzej Szczepahski for his valuable, suggestions 
and help. 

2 Proof of the Main Theorem 

At the beginning we give formula for the decomposition of real Bott matrix 
A into the sum of the real Bott matrices with two nonzero rows. 

Lemma 2.1. Let A be n x n—Bott matrix and let Aij, I < i < j < n, be 
nxn-matrices withi—th andj — th nonzero rows. Then, if k is even, we have 
the following decomposition 


A= Y. 


( 9 ) 
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Proof. Let A he n x n-Bott matrix with k nonzero rows, k is an even 
number. Without loss of generality we can assume that nonzero rows have 
numbers from 1 to k. We shall consider the matrix A as a sum of matrices 
Aij, I < i < j < n. The number of matrices Aij is equal ( 2 ). For 1 < i < k 
there are {k — l)-two elements subsets of {1,2,..., k} containing i. Thus 
having summed matrices Aij we obtain 


Since A is Bott matrix and k is an even number we get the formula 


Example 2.1. Let 


A = 


Thus n = 6, fc = 4, so we have 


0 1 1 


0 0 11 
0 0 0 1 
0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 


0 0 0 
0 0 
1 0 
1 1 


( 10 ) 


□ 


A = 


"0 

1 

1 

0 

0 

o' 


'0 

1 

1 

0 

0 

o' 


'0 

1 

1 

0 

0 

o' 

0 

0 

1 

1 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

+ 

0 

0 

0 

1 

1 

0 

+ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


—V— 

^12 


— 

Ai4 


'0 

0 

0 

0 

0 

o' 


'0 

0 

0 

0 

0 

o' 


'0 

0 

0 

0 

0 

o' 

0 

0 

1 

1 

0 

0 


0 

0 

1 

1 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

+ 

0 

0 

0 

0 

1 

1 

+ 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


— 

A23 


^24 


— 

A34 


Before we start a proof of the main theorem we give an example. 
Example 2.2. For the manifold M{A) from Example 12.11 we get 

1/2 = Xi, 1/3 = Xi + X 2 , y4 = X 2 + X 3 , = X 3 + X 4 , ye = X 4 . 
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Hence 


U2{M{A)) = X1X3 + X2X4. 

We compute second Stiefel-Whitney classes for real Bott manifolds M{Aij) 
from Example 12.11 For these purpose we put yf = wi(L/_i) for manifolds 
M{Aij) and we obtain 



= Xi 

yf 

= Xi 

2 / 2 ^ 

= Xi 

y¥ 

= 0 

yf 

= 0 

yf = 

y¥ 

= Xi X2 

yf 

= Xi 


= Xi 

yf 

= X 2 

yf 

= X 2 

yf = 


= X 2 

yf 

= X 3 

2/r 

= 0 

yf 

= X2+X3 

yf 

= X 2 

yf = 

yf 

= 0 

yi^ 

= X 3 

2 / 5 ^ 

= X 4 

yf 

= X 3 

yf 

= X 4 

yf = 

yf 

= 0 

yf 

= 0 

2 / 6 ^ 

= X 4 

yf 

= 0 

yf 

= X 4 

yf = 


With the above notation we get 


y2 =3xi = xi^ Y y-i = y^, 


Y yi = + 3X2 = Xi+ X2^ Y y'i ^ ^3, 

Y y^ = 30:2 + 3x3 = X2+X3^ Y y^ ^ ^ 4 , 

Y yi = 3^3 + 80:4 = X 3 + 0:4 ^ Y yi = ^ 5 , 

Y yi = 3xi = Xi^ Y yi = 2/6 


and second Stiefel-Whitney classes for manifolds M{Aij) are follows 


W 2 {M {A 12 )) — 0, 

W2{M{Ai3)) = X1X3, 
W2{M{Ai4)) = 0, 
W2{M{A23)) = 0, 
tC2(M(y424)) = 0 X 2 X 4 , 

W2{M{A34)) = 0. 


Hence 

Y^ ^2{,M{Aij) = X1X3 X2X4 = uj 2{M{A)). 

\=i<C^j=A 

Following the method described in the above example we have lemmas. 
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Lemma 2.2. Let A be a n x n Bott matrix with k > 3 nonzero rows, k is 
an even number. Then 

»= Y. vt, (11) 

l<2<_7</c 

where yi = ui{Li_i{M{A)) and y\^ = 0Ji{Li_i{M{Aij)). 

Proof. We have 

i-i 

yi = Wi{Li_i) = ^ OkiXk = x- A^ 

k=l 

where x = [xi,..., x„], A = [aij], A’- is the Z—th column of the matrix A and 
■ is multiplication of matrices. Let us multiply (E]) 
on the left by x 

X ■ A = X ■ Aij. 

Since yx ■ A = [yi, 1 / 2 ,, yn] and x ■ A'-^ = [y\\yl^, • • •,2/n^], we get (HH). 

□ 


Lemma 2.3. Let A be n x n Bott matrix with k—nonzero rows, k > A, k is 
an even number. Then 


W2{M{A)) = ^ W2{M{Aij)). 

Proof. From ([8]) and flTTll 


0J2{M{A)) 


'^yiVr 

l<r 


Y 





—y^,^2{M{Aij)). 

i<j 


From proofs of Lemma 12.21 and Lemma 12.31 we obtain a proof of Main 
Theorem 11.21 

Proof of Theorem 11.21 Let us recall the manifold M has a Spin-structure 
if and only if W 2 {M) = 0. At the beginning let us assume, for each pair 
1 Y i < j ^ n, we have W 2 {M{Aij)) = 0. Then from Lemma [2.31 we have 


W2{M{A))= MM{Aj)) = 0, 
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so the real Bott manifold M{A) has a Spin-structure. 

On the other hand, let the manifold M{A) admits the Spin-structure, 
then 

0 = W2iM{A))= MMiA,)). 

Second Stiefel-Whitney classes M{Aij) are non negative so 


^l<i<j<nW2{M{Aij)) — 0 . 


Remark 2.1. We do not know how to prove the main theorem for odd k. 
From the other side we are not sure if we ean formulate it as a eonjecture in 
this case. 

In the next section of our paper we concentrate on calculations of Spin- 
structure on manifolds Aij. 


3 Existence of Spin-structure on manifolds 

M{AP 

From now, let ^4 be a matrix of an orientable real Bott manifold M{A) of 
dimension n with two non-zero rows. From Lemma Ol we have that the 
number of entries 1, in each row, is an odd number and we have following 
three cases: 

CASE I. There are no columns with double entries 1, 

CASE II. The number of columns with double entries 1 is an odd number, 
CASE III. The number of columns with double entries 1 is an even number. 

We give conditions for an existence of the Spin-structure on M(Aij). In the 
further part of the paper we adopt the notation Op = ( 0,. , Oj . From the 

p - times 

definition, rows of number i and j correspond to generators s*, sj which define 
a finite index abelian subgroup H C 7ri(M(A)) (see [9]). 

Theorem 3.1. Let A be a matrix of an orientable real Bott manifold M{A) 
from the above case I. If there exist 1 < i < j < n such that 

1 . 

* * * 5 


where = ... = ai^i^+ 2 k = = 0 for m ^ {ii,... ,ii + 2k}, 

®j,ii+ 2 fc+i = ... = aj,ii+ 2 A:+ 2 « = I 5 0‘j,r = 0 for T ^ {*1 + 2fc +1,..., ii + 2fc + 2Z} . 
Then M{A) admits the Spin-structure if and only if either I is an even num¬ 
ber or I is an odd number and j ^ {ii + 1,... ,ii + 2k}. 

2 . 

( 0 * 1 ) 0*24.) ®i,i 2 fc+l) • • • ) ®i,i 2 fc+ 2 i) 0 *p) 

■^j,* ( 0 * 1 ) ®j,*i+l) • • • ) ®j,*i+ 2 fc) 0 i 2 () Ojp), 

where _|_i ... flj;,*i+ 2 fc 1 ) ^j,m 0 for m ^ ... ^ii~\~2k}, cij^j 2 fc+i 

• • • = «*,* 2 fe+ 2 Z = 1) Cii,r = 0 for r ^ {i 2 k + I,...,i 2 k + 21}, then M{A) has the 
Spin-structure. 

Proof. 1. From ([7]) we have 


Vil+l • • • yii+ 2 k Xi, 

yh+2k+l = ... = yi^+2k+2l = Xj. 


Using ([HD and xf = Xi YTj=i o^jiXj we get 

W2{M(A)) = k{2k — l)x‘^ + AklxiXj + l{2l — l)x^ 

= k{2k — l)xl + l{2l — l)xj = l{2l — l)xj = Ix'^. 

Summing up, we have to consider the following cases 

1. if / = 2b, then W 2 {M{A)) = 2bx‘j = 0. Hence M{A) has a Spin- 
structure, 

2. if / = 26 -|- 1, then 


W2{M{A)) 


(26 -f l)x‘^j = 

{ 0, if j ^ {H + 1) • • •) H + 2/c}, M{A) has a Spin-structure, 

XiXj, if j G {H + 1) • • •) H + 2/c}, M{A) has no Spin-structure. 


2. From ([7D 

l/*l + 1 = • • • = yii+2k = Xj 
2/ii+2/c+l • • • y 

Moreover, from ([HD and since ii> j > i 

W 2 {M(A)) = k{2k — l)x‘^ + AklxiXj + l{2l — l)x‘f 
= k{2k — 1) x'^j +l{2l — 1) xl =0. 

=0 

Hence M{A) has the Spin-structure. 

□ 
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Theorem 3.2. Let A be a matrix of an orientable real Bott manifold M{A) 
from the above case II. If there exist I < i < j < n such that 

1. 

+ -\-2k-\-l 5 ■ ■ - ; + 2 fc+ 2 /: Aip) 

Aj,* — (Oil 5 0 i 2 fc 5 ^i,ii+2fc+l j ■ ■ ■ ; ^^_7,ii+2fc+2/ 5 0'j,zi+2fc+2/+l 5 ■ ■ - ; ^_ 7 ,ii+ 2 fc+ 2 /+ 2 m j Oip ); 

where ... fli,ii+ 2 A: ®i,iiH- 2 fc+l • • • ®i,ii+ 2 fc+ 2 Z 1 ; (^i,r 0 for 

^ ^ “1“ 1) • • • ) 2/c -|- 2/}, Oj jj^_|_ 2 fc+l ... ®j,iiH-2fc+2Z+2m 1; ^j,s 0 

for s ^ {ii + 2 /c + 1 ,..., ii + 2 /c + 2 / + 2 m}. 

Then M{A) has the Spin-structure if and only if either I and m are 
number of the same parity or I and m are number of different parity and 
j ^ {ii + 1 ,..., ii + 2k}. 

2. 

Ai^^ — ( 0 i^, 0 i^-|- 2 /i;, Q.i,ii+ 2 fc+l 7 ■ ■ • 7 Ui^i^.\-2k+2l 7 ^z,'ii+2fc+2/+l 7 ■ ■ ■ 7 ^i,iiH-2fcH-2/+2m 7 ^ip ) 7 
Aj^* — (Oil 7 ^i.il + 17 ■ ■ ■ 7 ^j;,iiH-2fc 7 +2fc+l 7 ■ ■ • 7 Uj^ii -|-2fc+2Z 7 0 i 2 Tn 7 Oip ) 

where ... ®j,ii+ 2 fc+i ■ • • ®j,ii+ 2 fc+ 2 Z I? (^j,m 0 for 

m ^ {zi + 1, . . . , *1 + 2A; + 21}, ai^ij+2fc+l = . . . = ai,ii+2Zi:+2Z = fli,ii+2Zi:+2Z+l = 

• • • = ®i,ii+ 2 fc+ 2 Z+ 2 m = I 7 '^i,r = 0 for r ^ {*1 + 2/c + 1,..., ii + 2/c + 2Z + 2m}, 

then M[A) has the Spin-structure 

Proof. 1. From (jT]) we have 


Vil+l • • • yi\+2k Xi, 
yh+2k+l = ... = 2/ii+2fc+2Z = Xi-\- Xj 
?/il+2Zc+2Z+l • • • yii+2k+2l+2m Xj. 

From ([8]) and x‘f = Xi Yl^=i S^t 

W 2 {M{A)) = k{2k — l)x‘^ + Aklxi{xi + Xj) + l{2l — l)(a;i + XjY + m(2m — l)x‘^ 
= l{2l — l)x^ + m(2m — l)x^j = {I + m)x^j. 

We have to consider the following cases: 

1. If / + m is an even nnmber then W 2 {M{A)) = 0. Hence M{A) has a 
Spin-strnctnre. 


2. If / + m is an odd nnmber then 
W2{M{A)) = X^j 


0 , 

XiXj , 


if j ^ {ii + 1,... 7 ii + 2k}, M{A) has a Spin-strnctnre 
if j G {H + I 7 • • • 7 H + ‘2k}, M{A) has no Spin-strnctnre. 
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2. Using ([7]) we get 


Uh+l • • • Vh+l 

yh+ 2 k+l = • • • = yii+ 2 k+ 2 l = Xi + Xj 
yil+2k+2l+l = ■ ■ ■ = yii+2k+2l+2m = Xi- 


Moreover, from ([H]) and since ii> j > i 

W2{M{A)) = k{2k — l)x^ + l{2l — l)xl + Aklxj^xt + Xj) + AkmXiXj 
+ Almxi{xi + Xj) + l{2l — l){xi + Xj)‘^ + m{2m — l)xl 
= k{2k — 1) +l{2l — 1) xl +l{2l — 1) +m{2m — 1) xj = 0. 

=0 =0 


Hence M{A) has a Spin-structure. 


□ 


Theorem 3.3. Let A be a matrix of an orientable real Bott manifold M{A) 
from the above case III. If there exist 1 < i < j < n such that 

1 . 

+ ■ ■ ■ 5 Q^i,ii+2fc+l 7 +2fc+2 :■•••> ^i,ii+2fc+2/+2 7 7 ) 

Aj,* — (0*1 7 0i2)b+l 7 ®i,i 2 fc +2 7 ■ ■ ■ 7 flj,*i+2A7H-2J+2 7 Ojjij+2fc+2/+3 7 ■ ■ • 7 Qi,iiH-2A7H-2J+2m+3 7 ^ip ) 7 

where ... 0,i,ii+2k • • • (^i,ii+2k+2l+2 I 7 ^i,r 0 for V ^ 

{U -|- 1 , . . . , il -|- 2 fc -|- 2 / -i- 2}, ajj^j^2k+2 = . . . = Clj,ix+2.k+2l+2m+Z = I 7 = 0 

for s ^ {ii + 2k + 2,... ,ii + + ‘^l + 2m -|- 3}. Then M{A) admits the 

Spin-structure if and only I and m are number of the same parity and j G 
\i\ -|- 1 ,..., H + ‘2k -\- 2 } . 

2 . 

Ai^^ — ( 07*1 7 0*2i+i 7 ^*,*i+ 2 fc +27 ■ ■ ■ 7 ^*,*i+ 2 fc+ 2/+27 ^*,*i+2/c+2/+3 7 ■ ■ ■ 7 ^*,*i +2fc+2/H-2m+3 7 0*p ) 
Aj,.*: — ( 0 * 17 Ujjij-l 7 ... 7 ^j,*i+ 2 fc+l 7 Ujji + 2 fc +2 7 ■ ■ • 7 Ujji +2/C+2/+2 7 0 * 2 Tn 7 0*p ) 

where ... (^j,ii+2k+l • • • ®j,*i-|-2A:-|-2(-|-2 I 7 (^j,m 0 

for m ^ {U + I 7 ■ ■ ■ 7 U + 2 A; -|- 2 / -|- 2}, aijj^^ 2 k +2 = ... = cbi,ii+ 2 k+ 2 i +2 = 
fl*,*i+2fc+2Z+3 = ... = aj^j^+2fc+2Z+2m-i-3 = I 7 (^i,r = 0 for v ^ {ij -\-2k-\-2,..., ii-\- 
2k + 21 + 2m + 3}. Then M{A) has no Spin-structure. 

Proof. 1. From ([7]) 


yil + l • • • yii+2k+l Xi, 

yil+2k+2 = ... = yii+2k+2l+2 = Xj + Xj 

yh+2k+2l+3 = . . . = ?/*i+2A7+2Z+2m+3 = Xj. 
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From dHD and xf = x* YTj=i o-ji^j we obtain 

W 2 {M{A)) = k{2k + l)x^ + {2k + 1)(2/ + l)xj(xj + Xj) + {2k + l)(2m + l)xiXj 
+ l{2l + l){xi + XjY + {21 + l)(2m + l)xj{xi + Xj) + m{2m + l)xj 
= (Z + m + l)xj + {21 + l)(2m + l)xiXj = {I + m + l)x^ + XiXj. 

Now, if I and m are nnmber of the same parity we have 

W2{M{A)) = XiXj + 

{ XiXj, if j ^ {ii + 1,..., ii + 2fc + 2}, M{A) has no Spin-strnctnre, 

0, if j G {ii + 1,..., + 2fc + 2}, M{A) has a Spin-strnctnre. 

2. From ([7]) 


Z/il + l ■ • • yi\+2k+l Xj 

yil+2k+2 = . . . = yii+2k+2l+2 = Xi + Xj 

yh+2k+2l+3 = ■ ■ ■ = |/j^+2fc+2i+2m+3 = Xi- 


From ([8]) and since ii > j > i we get 

W 2 {M{A)) = k{2k + l)xj -I- m{2m + l)x^ -|- {2k + 1)(2/ -|- l)xj{xi + Xj) 
-\- {2k -|- l)(2'm -|- l)xjXj -|- l{2l -|- l)(xj -|- Xj) 

-I- {21 + l){2m + l)xj(xi -I- Xj) + m{2m — l)x^ 

= A;(2A;-I-1) x^ -|-Z(2Z-|-1) (x*-|-Xj)^-|-m(2m-|-1) x] 

=0 =0 

-f Xj{xi + Xj) + XiXj + Xi{xi + Xj) = XiXj 7^ 0, 

so M{A) has no Spin-strnctnre. 


Now, we give examples which illustrate Theorems 13.11 - 13.31 


Example 3.1. 1. Let 


A = 


0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 


0 0 
1 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 


0 0 
0 0 
1 1 
0 0 
0 0 
0 0 
0 0 
0 0 


0 0 
0 0 
1 1 
0 0 
0 0 
0 0 
0 0 
0 0 


□ 
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Here 21 = A ^ I = 2. Hence from Theorem 13.11 part 1.1, manifold M{A) has 
the Spin-structure. 

2 . 

"0 0 0 0 0 O' 

0 0 110 0 

0 0 0 0 1 1 

"^“ 0 0 0 0 0 0 ' 

0 0 0 0 0 0 

0 0 0 0 0 0 


Here I = 1, {ii, * 2 , ■ ■ ■, = {3,4}, j = 3 G {3,4}. Hence, from Theorem 13.11 

part 1.2, the real Bott manifold M{A) has no Spin-structure. 


3. 


0 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


From Theorem l3.21 part 1.4 and since / = 1, m = 2, {fi,..., i 2 k} = {2, 3},j = 
2 G {2, 3} the real Bott manifold has no Spin-structure. 


4. 


A = 


0 0 0 0 0 0 0 
0 0 11111 
0 0 0 0 0 1 1 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 


0 0 0 0 0 0 
1 0 0 0 0 0 
111111 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 


In this case / = l,m = 2, and from Theorem 13.31 we have that M{A) has no 
Spin-structure. 
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